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Abstract

We obtain a recursive formula for the Gotzmann threshold of a power of a variable.
Consequently, we give an affirmative answer to a conjecture of Bonanzinga and Eliahou.
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1 Introduction

Throughout this article, let k be a field and R,, = k[x1, ..., z,]| the polynomial ring in n variables
over k.

Hilbert functions of homogeneous ideals of R,, play a vital role in commutative algebra and
algebraic geometry, and have been an active area of research. In 1927, Macaulay proved a lower
bound for the growth of Hilbert functions of homogeneous ideals, and provided special ideals that
attain this bound, called lex ideals. Lex ideals have been used in many applications in combinatorics,
e.g., Sperner theory. We refer to [1, 6] for more details. Homogeneous ideals with the slowest
growth of Hilbert functions are called Gotzmann, a class that include lex ideals, as discussed.

Only a few classes of Gotzmann ideals are known in the literature. An article of Murai and
Hibi [10] is among the rare instances where Gotzmann homogeneous ideals are studied, and shown
to have very specific structures. On the other hand, there are more successes in determining
Gotzmann monomial ideals, but even in this restricted situation it is widely considered to be a
difficult task. Hoefel and Mermin [8] provided an explicit formula for all Gotzmann squarefree
monomial ideals. Murai [9] completely classified all Gotzmann monomial ideals in R3. Our focus
will be on Gotzmann principal Borel ideals. A monomial ideal J C R, is called Borel-stable or
strongly stable if for any monomial m € J and any variable z; | m, we have z;(m/x;) € J for any
1 <1< j. Given a monomial u € R, let (u) denote the smallest Borel-stable monomial ideal in
R,, that contains u, and let B(u) denote the set of minimal generators of (u). Assume that z, { u.
It is a classical result of Gotzmann [7] that there exists an integer 7,,(u) > 0 such that

(uz?) is Gotzmann < d > 7,(u).
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The number 7, (u) is called the Gotzmann threshold of u. Using Murai’s result [9], the Gotzmann
threshold of a monomial z¢24 € R3 can be determined:

nlatsd) = ().

The next case n = 4 is completely solved by Bonanzinga and Eliahou [3]:

ra(atabag) = ((g)) + HTA‘(;)) +(b+ 1)(03 1) + <C§ 1> —c

The difficulty in determining a formula for the Gotzmann threshold of any monomial seems to
skyrocket, as noted by Bonanzinga and Eliahou. A slightly easier problem is to determine the
summand with the largest growth. As may be seen from the known formulae, the power of x5
seems to be a dominant term. For this reason, Bonanzinga and Eliahou [4] studied the Gotzmann
threshold of only a power of x5, namely z. They obtained

(et — ((@) D 0) (@)1 (1)

With the formulae for 7;(x4) available for i € {3,4,5}, Bonanzinga and Eliahou proposed the
following.

Conjecture 1.1 ([4, Conjecture 5.3]). For n > 3, the Gotzmann threshold 7, (x4) is a polynomial
of degree 2"~% in d with the same dominant term as the (n — 2)-iterated binomial coefficient

@)
2
which is 2(d/2)¥""".
In this article, we obtain an iterative formula for 7, (x¢) for any integers n,r, d.

Theorem 1.2. Given integers n,r where 2 < r <n — 1. Then the Gotzmann threshold 7,(z%) in
k[zq,...,z,] can be computed recursively:

d+r—1
Tr—i—l(wg) = < ) - d7

) — <d+Z— 1) B <d~|—Z—r) B <d+;— 1) “*inz;él(_l)nﬂ_i(ni(ﬁ Z)

The case r = 2 is of interest and presented in the following.

Corollary 1.3. Given an integer n > 3. Then the Gotzmann threshold 7, (x3) in K[y, ..., x,] can
be computed recursively:

ry(ad) = <d; 1) —d,
A N BT gen"*l"' (nl"(fgi )
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By induction, the answer to Conjecture 1.1 follows immediately.

Corollary 1.4. The Gotzmann threshold 7,(x3) is a polynomial in d of degree 272, with the
dominant term being the same as that of the (n — 2)-iterated binomial coefficient

In other words, Conjecture 1.1 holds.
We can also recover known formulae for 7,,(x4) for n € [3,5], in a different form.

Corollary 1.5.
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+ <T3(21"21))7
= (177) o () (49).

The proof for our main result, Theorem 1.2, is based on the machinery by Bonanzinga and
Eliahou [4]. Mermin has informed the author that Costantini, Francisco, Schweig, and himself have
confirmed Conjecture 1.1 independently [5]. Their tools and techniques, on the other hand, are
different and rely on other theories.

The article is structured as follows. In Section 2, we recall the concepts, tools, and the machinery
to compute Gotzmann thresholds by Bonanzinga and Eliahou. We apply these in Section 3 to
prove Theorem 1.2.
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2 Preliminaries

We recall the machinery developed in [4]. See also [2].

2.1 Computation of Gotzmann thresholds

Given a polynomial ring R, = k[xy,...,x,]. Let S, denote the set of monomials in R,,, and S, 4
the set of monomials of degree d in R,,.
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Notation 2.1. Given a monomial u € S,, \ {1} and a set B of monomials of degree at least 1. Set
max(u) = max{k € [n]: xy | u},
)\(U) = Tmax(u);

maxgen(B) = H A(u).

ueB
We impose the lexicographical order on S, 4 induced by x; > x9 > -+ > x,,.
Definition 2.2 ([4, Notation 2.5 and 2.6]). For u,v € S, 4 where u < v, set
L,(u)={z€ S,4: 2 > u},

Ly (v,u) ={2z € Spa:v>z>u} = Ly(u) \ L,(v),
pin(u, v) = maxgen (L} (v, u)).

L,(u) and L} (v,u) are called lezsegments and lexintervals, respectively. The monomial p,(u,v) is
called the cost of the upward path from « to v in S, 4. We will use the notation

Hn U,V
(u,v) v

for the upward path from u to v, along with its cost.

Notation 2.3 ([4, Notation 2.9]). Given n > 3 and u € S,,. Set
g, (u) = maxgen(Ly (u) \ B(u)).
Note that mg,, is a function from S, to itself. When n is clear, we will simply write mg.

Notation 2.4 ([4, Notation 2.13]). Let n > ¢ > 1 be positive integers. Set

Tt Sn — Si
a;

a1 an a1
xl ...xn |_>x1 ...xi

to be the truncation map. When n is clear, we will simply write ;.

Notation 2.5 ([4, Notation 3.1]). Let o, be defined as follows:
On: Sy, — Sy,

n n
Hx;zz — H$?1+a2+-~-+ai _ xtlnmtzn-kaz .. _$21+a2+---+an.
i=1 i=1

The map o, allows for some easy computation.

Lemma 2.6 ([4, Proposition 3.4 and Corollary 3.6]). For any u =[], z{* € S,, and t > 0, we

have
i i (i
mgn(ux;) = U;(mgn(u)) = sz Jj=1 ]( t—1 )
i=1

For the rest of this subsection, assume that ug € S,,_;. We will recall results in [4] that allow a
computational route to 7,(ug). Spoiler alerts: we need three polynomials f(¢), h(t), k(t) associated
to ug.
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Notation 2.7 ([4, Notation 3.10]). Let uy € S,—1. For t € N, set
An explicit formula for f(t) is as follows.

Lemma 2.8 ([4, Theorem 3.11]). Let u=ax;, ---x;, € Sp—y withiy < --- <ig<n—1andn > 3.
Fort >0, we have

d—1 .
t+d_k—2+n—Zk+1
0 ng( TR )(\ (i) = 1)

Definition 2.9 ([4, Notation 4.10 and Definition 4.11]). Let ug € S,,—1. For each ¢ > 0, let us
denote

w(t) = mp_1(mg, (uozy,)),

i.e., mg, (upzt) = w(t)al .

By definition, for each ¢ > 7,,_1(ug), there exists a smallest monomial z,(t) > ugz!, such that

Tt (Hn (o, 2(1))) = w(t).
For each t > 7,,_1(ug), we then set
h(t) = deg,, tin(uoxy,, 2a(t)),
k(t) = deg, zn(1).
We are finally ready to recall our main tool.

Theorem 2.10 ([4, Theorem 4.15)). Let ug be a monomial in R, where n > 3, such that x, { ug.
Then

Tn(uo) = f(0) — h(0) — k(0).
2.2 Combinatorial formulae

We record some combinatorial formulae that will be used throughout the article.

Lemma 2.11. Let a,b,c > 0 be integers. Then

g(&;—l) <b+z—i) _ <a+bic+1)'

Proof. The result follows from the generating function

i=0
Lemma 2.12. Let a,b > 0 be integers. Then

i(a—;—z) _ (a—i—i—i—l).

Proof. We proceed by induction on b. If b = 0, then both sides equal 1, as desired. Now assume
that the equality holds for b — 1 for some b > 0. We then have

zb: a+i\ ”zi ati\\ | (a+b) _ (a+b), (a+b) _ (a+b+1
—~\ i ) \&=\ i b ) \b—1 b ) b ’
where the second equality is due to our induction hypothesis. The result then follows. O]
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3 Proof of Theorem 1.2

Given two integers r,n where 2 < r < n. Fix a monomial
d
Uy =T, € R,

The goal is to find the values of the three polynomials f(t), h(t), k(t) associated to ug, specialized
at t = 0. By definition, the only x;’s that divide mg(uo) are in {x;};cjr41,,- Thus we can set

mg(ug) = iy el ol (3.1)

Lemma 3.1. Let f; be as in (3.1). For any j € [r + 1,n], we have

(j+d=2 j—r+d—1
ﬂ‘(j—l)_( d—1 )

Proof. We claim that |B(zF)| = (k:fT 1) for any k. Indeed, monomials in B(z¥) are of the form
et gh with k... k, >0 and ky + --- + k. = k. There are exactly (kw 1) such monomials,

which proves the claim, as desired.

By Lemma 2.8. we then have
R fd—i—2—r+j5\ [[i+tr—1
— —1
ST
d-1 . N -1 , .
d—i—=2—r+j\[(i+r—1\ d—i—2—-7r+7
- Jg—r—1 r—1 — jg—r—1

((j—r—jlzi—fdl—l—i)>((r;_l;w)_S((j—r—jl_);i—ﬁdl—l—i))

=1

U

[
]
(]

|
Nl
T
—_—

Applying Lemma 2.11 to the first sum and Lemma 2.12 to the second sum, we obtain

Jj+d—2 Jj—r+d-—2 j—r+d—2

j—1 j—r—1 d—2

j+d—2 j—r+d—2 N Jj—r+d—2

j—1 d—1 d—2
j+d—2 j—r+d—-1

j—1 d—1 ’
as desired. []

By Lemma 2.6, we obtain mg,, (ugzl,) = xfff( )xffg( Voo 2l where

fra(t) = fra,
fr+2(t) = fr+2 + fr+1 (t)7

1

t+n—r—2
n—r—1 )

fn(t) = fn + fnfl (j) + -+ fr+1(
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In other words, for any j € [r + 1, n|, we have

j—r—1 1
HOEY fj—i(tJrz >
=0

From the definition, f;(t) is exactly the associated f polynomial to uy when considered as a
monomial in S;. In particular, this, and also by definition, we have

n—r—1

== ("7 52)

The next task is to determine h(t) and k(t). From now on, ¢ is assumed to be sufficiently large.
As all the functions we are going to compute are polynomials ([4, Corollary 4.13]), it suffices to
compute them for only sufficiently large values of t. For any j € [r+ 1, n], let 2;(¢) be the smallest
monomial such that

i1 (1 (uoy,, 2(t))) = mj—1 (mg(uoar,)). (3.3)
For sufficiently large ¢, we set
hy(t) = deg,, fin(uo,, 2(t)) (3.4)
and
ki(t) = deg,, z(1), (3.5)

for each j € [r + 1,n|. Observe that by definition, h;(t) and k;(t) are exactly the associated h(t)
and k(t) polynomials to ug when considered as a monomial in S;, respectively.
Next, for each j € [r + 1, n], set

;= fi(0) = h;(0) = f;(t) — hy(t) (3.6)

for any t. This definition is well-defined due to [4, Proposition 4.12]. We now proceed to prove
many formulae leading to f(t), h(t), and k(¢).

at—c

Lemma 3.2. Given positive integers n,r, j, a,b,c where r <mn and j € [r+1,n]. Let z(t) > x%xl

be the smallest monomaial such that

Then
2(t) = 2o
) T (L))
Mn(xrx;,za)):(wb-)(H% ] )
’ s=j+1

Proof. Without loss of generality, we can assume that ¢ = 0 as the result would follow from this
specific case by replacing t with ¢t — c.
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We shall perform the steps needed to almost reach this cost:

t a,t
-
Tp_o LT3

(2) (7557)

zt
a .t Tjt1Tj42" " Tn a .t
$T$j+l > X, .CIZ'-
t t—b+1 t+n—j—1 t—b+n—j
oo OB () ()
a t "I Jj+ a+b—1_.t—b+1
T, > T a7

As can be seen from the above process, we have

T (Mn (Uol’ xa—‘—b lxz b+1)) — ngl7

and thus one more step is enough to obtain the desired cost. Therefore, we have

a(t) =

as desired. Next we determine deg, p, (uoxl, 2(t)) for each s € [n]. It is immediate from the above
process that deg, (i, (U2, 2(t)) = b and deg, p» (uoy,,2(t)) = 0 for any s € [j — 1]. Next, for
each s € [j + 1,n], we have

s—j . .
t+u—2 t+s—j—1 t—b+s—j
d " toa(t)) =t _
eg$sl'[/ (uoxnu'Z()) + 2( U >+( S-]—I—l > (8-]—’-1
__Ef t+u—2\ (t—b+s—j
N s—j+1

B t+s—] _(t=b+s—7
S \s—j+1 s—j+1 )

as desired, where the last equality is due to Lemma 2.12. O

Proposition 3.3. Given ug = 2% € R,,. Let f;, zj,h;,8; be as in (3.1), (5.3), (3.4), and (3.6),
respectively. We then have

Zr41(t) = uox
fin (U0}, 2r 11 (1)) = 0,
hra(t) =0,

Or+1 = fre1.

Proof. By definition, z,.,1(t) > ugx!, is the smallest monomial such that
e (i (00 212 (9)) = 7 (g(u0at) = 0.
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Therefore, we have
Zr(t) = oy,
Lhn (uoxﬁl, Z7-+1<t)) =0
by (t) = dengH Hn (onf«u Zr—i-l(t)) =0,
Ort1 = fr41(0) = A1 (0) = fryr.
This concludes the proof. O

Proposition 3.4. Given ug = x% € R,,. Let f;,zj,h;,0; be as in (5.1), (3.3), (3.4), and (3.6),
respectively. Then for any j € [r + 2,n], we have

(1) = af

a8t 5(0) = ( I x{wﬂ) (H xgﬂws(t>> |
i=r+1 s=j
_(tti—r—1 Zl r+151+1
lt) = ( j—r ) ( 2

Z (t—zﬁ;ﬁém—z)
Z- 9

i=3
S+ 1\ L (=3 -2
5j:j_|_( lr;ll )+Z( Zl_r+lil 7
i=3
where
() = t+s—r—1\ [t-— lr+151+3 J+1\
Jis\b) = s—r s—j+2
=S s — -2
P s—j+1

for each s € [j,n].

Proof. We first prove the base case j = r+2. By definition, z, () > uga?, is the smallest monomial
such that

Toi1 (st (0, 2012(8))) = mpp1 (mgluoal)) = &l = alit = 2l

Applying Lemma 3.2, we obtain

Zrpa(t) = gl o gl o

t Spy1ts—r—1

t _ Ort1 Hi : 1 s—r )
Hn (Uol’n, ZT’+2(t)) = |\ Trt1 H :L‘s )

s=r+2

as desired. Then

t+1 t— frn 41
brealt) = dog, ., o (ot ra(0) = (5 1) = (T I),

_57‘4—1 + 1)

r+2 fr+2( ) 7"+2( ) = fr+2 + < 9
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as desired. This concludes the proof of the base case of the induction. By induction, we can now
assume that the formulae for z;_1(t), p, (uo?), zj_1(t)), hj_1(t), and §;_; are as predicted.
By definition, z;(t) > ugz!, is the smallest monomial such that

i1 (pn (w0t 2;(t))) = mj—1 (mg(uoxl,) H J?fl
i=r+1

Since

i1 (tn (o, 2j-1(1))) = ( ﬁ dci(t)) ( ;" 11(t)> ,

i=r+1

the monomial z;(t) > z;_1(t) is the smallest monomial such that

hj— = —hj_ 6i—
i1 m (ijl(t),Zj@))) _ xf] 1) =hj—1(t) _ x;fg_ll(o) j-1(0) _ Ijj_lll

Applying Lemma 3.2, we obtain
d+>72h 6 d
z;i(t) = xr + PR 7
(t—zl:r+1 5z+s—j+1)_<t_zggrl+1 51+S—j+1)>

fin (2j-1(1), 2;(t)) = (35?1_11) (f[ xs T s=i+2

The formula for z;(¢) is now proved. Next we work on i, (upzh, z;(t)). For any s € [n], we have

degxs Hn (UOIZ’ Z](t)) = degxs Hn (Uoffth Z]—l(t)) + degxs Hn (Zj—l(t)7 Z]<t>> )

and both of these are known from the above formula and the induction hypothesis. When s < 5 —1,
the result follows from our process. Now assume that s € [j,n]. We have

deg,, tin (w0, 2j-1(1))

_(tEs—r—=1\ [t-— lr+151—|—s j+2 n
B s—r s—j+3
W=
j—r—1 . .
—]Z lr+16l+5 ]+Z—1
— s—J+1+1
Wai=

and

degx fin (2j-1(t), 25(t))

Zl T+151+5—j+1 . t— lT+15l+s—j—i—1
s—j+2 s—j+2 '

N J/ (& J/
" N

Wa:= Wy=
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We combine the second (sum) summand W of deg, i, (uozh, zj_1(t)) and the first summand Ws
of deg,, pin (2-1(t), 2;(1)):

Wy + Wiy
(Xt s =2 (- Il G ts—j+1
s—7+3 s—J+2
_ t— lr+151+3 J+1 = Ws.
s—7+3

Therefore, we have

deg,. pun (w0l 2;(t))

= deg,, pun (uoxl, zj-1(t)) + deg,_ pin (2j-1(2), 2;(t))
=W +Wo+Ws+ W,

=Wi+ W5+ W,
<t+s—r—1) gy (t—Z{jHélJrs—jJri—l)

= -y "y +

s—r — s—j+1+1

Wy
t— lr+151+5 J+1 Zl r+16l+s—j+]‘
5—7+2 s—7+3
I}/rs TV

Wy

We can rewrite W; — (t+‘::_1) as follows:

j—r—1 j—r i .
_]Z lTHél—i—s—j—l—z—l _]Z t—Z‘Z:,,ii(51+s—j+z—2 ‘ (3.7)
P s—j3+1+1 — s—j4i
Now it is clear that
s—j+3
can be added to the sum (Eq. (3.7)) as it corresponds to the case ¢ = 3. Therefore, we have

W, = — ( Zl r+15l+3_j+1)

deg,, tin (uoxy, 2i(t))

=W +Ws+W,
t+s—r—1 t+s—r—1
- ( )+w5+( -( )+ wi)
s—r 5=
(t+s—r—1 lr+15l+8 J+1\
B s—r s—7+2
”(t—zg ;j}&l+s—j+i—2)

§—j+1

g

as desired. The formulae for h;(t) and d; then follow trivially.
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We obtain a deceptively simple formula for 7, (z¢).

Theorem 3.5. Given integers n,r where 2 < r < mn. Let §; be as in (3.6). Then the Gotzmann
threshold of the monomial % in R, is

i=r+1
Proof. Fix n > r + 1. We will show that
(@) =) 4
Jj=r+1

for each m € [r 4+ 1,n|. For the base case m = r + 1, we have

Tm(x% = fr41(0) = hpy1(0) = Ky i1(0) = fry1 = 0r1,

as desired, where the second equality follows from Proposition 3.3. Now assume that m > r + 1.
We have

Tn(2]) = (fmn(0) = hin(0)) = km(0) = (8) + D &= D 4,
j=r+1 j=r+1
as desired, where the second equality is due to our induction hypothesis. O

We are now ready to prove the main result.

Proof of Theorem 1.2. Fix an n > r + 1. We remark that the formula of d,.,; in Proposition 3.3
follows the same formula for §; for j € [r + 2,n| in Proposition 3.4. Thus we will use the latter,
uniform formula. For each j € [r + 1, n], we rewrite ¢§; as follows:

ST G R (=i -2
5j=fj+< 5 +) "

=3
—Z§1+15l+1> I- ( S R 1—z'>
— + =T _|_ T
b ( 2 z';l JHl—i
i—2
_ —7j1(zd) +1 N —ri(xf)+j—1—i
_f]+< ; S (RS

We now have

Tn(xg) = Z 0;

j=r+1
n j—2 . .
7 (ad) + 1) f (—n(ﬂfd) Fi-1- )
= RN U + ; .
jzr:—&-l (f] ( 2 ’i;l gl

(Sa) S () 2 )
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Let A, be the sum of the binomial coefficients whose upper indices contain 7,(z%), for each
s € [r+ 1,n — 1]. With this definition, we have

=<Z fj>+n§As.

‘7:7‘—}—1 s=r+1

We will simplify each (sum) summand above. For the first expression, we have

SN (A2 (imrrd-ld
j;rlfj_j;rl(( J—1 ) ( j—r >)

(Z05)- (2 00E)

By adding (T+d 1) to the first sum and 1 = ( ) to the second sum, we obtain

ij

Jj=r+1

() ) (O s )

(52 ) - (2 C) ()
(R HECT)C )

We apply Lemma 2.12 to the very first summand (T+d 1) to obtain

ij

(020 (S ()

n—1 . n—r .
_ Z(jﬂ?—l) B Z(jﬂ?—l) B (r+d—1>_1).
o J =0 J r-l
Applying Lemma 2.12 to the first two (sum) summands, we obtain
" n+d—1 n+d—r r+d—1
> 1= - - -1
A n—1 n—r r—1
j=r+1
_(d+n-1 B d+n—r B d+r—1 41
B d d d ‘
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Next, for each s € [r + 1,n — 2|, we have

A, = —7y(2d) + 1 +zn: —TS(I'?)—Fj—l—S
2 j=s+2 Jtl=s

_ <—Ts(x5) + 1) . i‘ (—Ts(xg)j +j— 2)_

Jj=3

Applying Lemma 2.12 to the first summand, we obtain

(—Ts@zg) + 1) _ i (—Ts@g)j +j— 2).

J=0

Thus we can combine the sum and apply Lemma 2.12 again:

A ”*i <—Ts(xﬁ)b+ j— 2) _ (—rs(:cj):ln:; 1 - s) _ (1 (nzr(fd_) 8)7

=0 J

where the last equality is due to the formula for negative binomial coefficients (_“) = (—1)b(a+b_1)
where ¢ > 1 and b > 0. Finally, we compute A, _;:

An1:(_Tn_1(2xz‘>+1>:(_1>nﬂ(nl)( T (29) )

n+1l—(n-1)

The result then follows. O]
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