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Abstract

In this paper, we provide a combinatorial criterion for equigenerated monomial ideals in
three variables to have linear resolutions. As a consequence, we prove that in three variables,
equigenerated monomial ideals with linear resolutions have linear quotients.
Subject Classifications: 13D02, 13F20, 05E40
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1 Introduction

In this paper, we prove the following theorem.

Theorem 1.1. Let I ⊆ k[x, y, z] be a monomial ideal generated in a single degree, i.e., all minimal
generators of I have the same degree. Then the following statements are equivalent:

1. I has a linear resolution;

2. I has linear quotients;

3. Every power of I has a linear resolution.

Our main contribution is to show that if a monomial ideal in k[x, y, z] has a linear resolution,
then it has linear quotients (see Theorem 3.7). We give a geometric proof. It is based on a
combinatorial characterization of linearity of free resolutions of monomial ideals in k[x, y, z] (see
Theorem 3.5) inspired by a similar characterization of zero-dimensional monomial ideals with almost
linear resolutions in [6, Theorem 4.2].

To put our theorem into context, we briefly recall necessary definitions and similar results. Let
S = k[x1, . . . , xn] be a standard graded polynomial ring over a field k and m = (x1, . . . , xn) be its
homogeneous maximal ideal. We say a homogeneous ideal I is generated in a single degree (or
equigenerated) if all minimal generators of I have the same degree. If I ⊆ S is a homogeneous
ideal generated in a single degree and if all the entries in the differential maps of its minimal free
resolution are either zero or linear forms, then we say I has a linear resolution. More generally, I
is said to satisfy the condition Nd,p if I is generated in degree d and its minimal free resolution is
linear up to homological degree p− 1.

The combinatorial study of the Nd,p property of monomial ideals is an active research topic.
Fröberg gave a combinatorial description of edge ideals having linear resolutions [12], and this was
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later extended to arbitrary N2,p by Eisenbud, Green, Hulek and Popescu [8]. Bigdeli, Herzog, and
Zaare-Nahandi described monomial ideals satisfying Nd,2 in terms of their dual graph [2]. Recently,
Dao and Eisenbud provided a characterization of m-primary monomial ideals satisfying Nd,n−1 [6].
But on the other hand, the well-known example of the Stanley-Reisner ideal of a triangulation of
the real projective plane RP2 by Reisner [21] shows that the linearity of the minimal free resolution
of an ideal may depend on the characteristic of the base field. Consequently, one cannot always
expect a combinatorial characterization of monomial ideals satisfying Nd,p.

A combinatorial property closely related to linear resolution is the linear quotient property.
Recall that a monomial ideal I has linear quotients if there exists an order m1, . . . ,mr of minimal
generators of I such that (m1, . . . ,mi−1) : mi is generated by variables for i = 2, . . . , r. Many known
families of ideals have linear quotients; see, for example, [17, 20, 10]. If I has linear quotients, then
I is componentwise linear [22, 18]; see [14] for the definition. In particular, if I is an equigenerated
monomial ideal with linear quotients, then I has a linear resolution. The converse is not true, and
as far as the authors are aware, Reisner’s example mentioned above seems to be the “smallest”
known monomial counterexample. But on the other hand, the converse is known to be true for
quadratic monomial ideals [15], monomial ideals in k[x, y] [7], complementary edge ideals [11] and
t-connected ideals [1], to name a few. For equigenerated monomial ideals in four or five variables,
the authors do not know whether the converse holds.

This paper is organized as follows. In Section 2, we recall basic definitions and standard results
we need. In Section 3, we present the proofs of our main results.

Note 1.2. Via personal communication, we were informed that Theorem 3.7 was independently
obtained in the recent preprint [4] using different methods.

2 Preliminaries

Let k be a field, and S = k[x1, . . . , xn] be the standard graded polynomial ring in n variables over
k. Let m = (x1, . . . , xn) ⊆ S be the homogeneous maximal ideal of S.

Let I ⊆ S be a homogeneous ideal and

0 → Fs → Fs−1 → · · · → F1 → F0

be the minimal free resolution of I, where Fi = ⊕jS(−j)βi,j(I). The Castelnuovo-Mumford regularity
of I, denoted by reg I, is defined as max{j − i : βi,j(I) ̸= 0}. We say I has a linear resolution if I
is generated by homogeneous polynomials of some degree d ⩾ 0, and for all i ⩾ 1, βi,i+j(I) = 0 for
all j ̸= d, or equivalently, if I is generated in degree d and reg I = d.

Definition 2.1 ([3]). We say a homogeneous ideal I ⊆ S has linear quotients if there exists a
minimal system of homogeneous generators f1, . . . , fs of I such that (f1, . . . , fi−1) : fi is generated
by linear forms for all i.

An ideal I ⊆ S is a monomial ideal if it is generated by monomials. A monomial ideal I has a
unique minimal system of monomial generators, which we denote by G(I).

Definition 2.2 ([2, 6]). Let I ⊆ S be a monomial ideal. The dual graph GI of I is defined as
follows: the vertices of GI are the minimal monomial generators of I, and {f, g} forms an edge if
and only if deg lcm(f, g) = deg f + 1 = deg g + 1.

If f, g ∈ G(I), then GI(f, g) is the induced subgraph of GI with vertex set

V (GI(f, g)) = {h ∈ G(I) : h divides lcm(f, g)}.
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We shall denote the dual graph of md by ∆n(d), or simply by ∆(d) when n is clear from the context.

The following result is well-known (see, for example, [2, Proposition 1.1] or [6, Proposition 2.2]):

Theorem 2.3. Let I be a monomial ideal generated in degree d. Then I is linearly presented if
and only if GI(f, g) is connected for all f, g ∈ G(I).

Definition 2.4 ([6, Definition 4.1]). The d-shadow of a monomial f ∈ S is the set of all degree d
monomials that divide f . We denote it by Sd(f).

Example 2.5. Let S = k[x, y, z]. Our convention of drawing the dual graph of a monomial ideal
I ⊆ S generated in degree d is as follows:

1. The dual graph ∆(d) is drawn as a lattice simplex with the left corner labeled xd, the right
corner yd and the top corner zd.

2. We draw the dual graph of GI as an induced subgraph of ∆(d).

3. The generators of I are labeled in blue.

4. The degree d monomials not in I are labeled in red.

The dual graphs of m3 and (x3, x2y, xy2, y3, x2z, y2z) are depicted in Figure 2.1. Note that both
ideals are linearly presented by Theorem 2.3. Furthermore, the red dots in the second graph form
the 3-shadow of xyz3.

x3 x2y xy2 y3

x2z xyz y2z

xz2 yz2

z3

x3 x2y xy2 y3

x2z xyz y2z

xz2 yz2

z3

Figure 2.1: The dual graphs of (x, y, z)3 and (x3, x2y, xy2, y3, x2z, y2z) are on the left and right,
respectively. The generators of the ideal are labeled in blue.

Recall that the socle of a homogeneous S-module M is the submodule 0 :M m, and is denoted
by socle(M). The depth of M is zero if and only if socle(M) ̸= 0. The socle degrees of M can be
deduced by looking at the back twists in the minimal free resolution of M .

Lemma 2.6 ([19, Lemma 1.3]). Let S = k[x1, . . . , xn], I ⊆ S a homogeneous ideal such that
depth(S/I) = 0, and let F be the minimal graded free resolution of S/I. If Fn = ⊕r

i=1S(−ai), then
socle(S/I) ∼= ⊕r

i=1k(−(ai − n)) as graded vector spaces.

3 Monomial Ideals in k[x, y, z] with a Linear Resolution

Throughout this section, let S = k[x, y, z] and m = (x, y, z), unless stated otherwise.

Definition 3.1. Let I ⊆ S be a monomial ideal generated in degree d. We say I has a bad
configuration in ∆(d) if there exists a nonempty set of degree d monomials S = {m1, . . . ,mp} not
in I such that
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Figure 3.1: The blue vertices represent the minimal generators of I = (x3, x2y, xy2, y3, x2z, y2z, xz2).
The center red vertex f = xyz induces a bad configuration in GI . The gray upside-down triangles
highlight the d-shadows of fx, fy and fz.

1. the set S is the d-shadow of a monomial f in S.

2. The d-shadows of fx, fy and fz have a nonempty intersection with G(I).
In this case, we say f induces a bad configuration.

Example 3.2. Consider I = (x3, x2y, xy2, y3, x2z, y2z, xz2) and let f = xyz. Then the 3-shadows of
fx, fy and fz are {x2y, x2z, xyz}, {xy2, y2z, xyz} and {xz2, yz2, xyz} respectively (see Figure 3.1).
Since each of these shadows intersects G(I) nontrivially, I has a bad configuration.

Remark 3.3. It is easy to visually recognize a bad configuration. For example, if S is the d-shadow
of a monomial f , and if the maximum z-degree among the monomials in S is c, then the d-shadow
of fz consists of S together with the monomials with z-degree c+ 1 that divide fz. So to find the
d-shadow of fz on ∆(d), we just need to look at (c+ 1)th level of ∆(d). Similar logic applies for fx
and fy (cf. Figure 3.1).

We now explain the algebraic meaning of a bad configuration.

Lemma 3.4. Let I ⊆ S be a monomial ideal generated in degree d. Then I has a bad configuration
in ∆(d) if and only if the socle of S/I contains a monomial of degree at least d.

Proof. If I has a bad configuration in ∆(d), then there exists a nonempty set M of degree d
monomials not in I such that M is the d-shadow of a monomial f in I. Clearly, f /∈ I as all the
degree d monomials that divide f are outside I. Now by assumption, the d-shadows of fx, fy, fz
intersect G(I) nontrivially, so mf ⊆ I. Hence, f̄ , the image of f in S/I, belongs to the socle of
S/I. Finally, the degree of f is at least d.

Conversely, suppose f is a monomial of degree at least d such that f̄ ∈ socle(S/I). Since f /∈ I,
the d-shadow of f does not intersect G(I). But mf ⊆ I, so the d-shadows of fx, fy, fz intersect
G(I) nontrivially. Thus I has a bad configuration in ∆(d).

Theorem 3.5. Let I ⊂ S be a monomial ideal generated in degree d. Then I has a d-linear
resolution if and only if GI(u, v) is connected for all u, v ∈ G(I) and I has no bad configuration in
∆(d).

Proof. Suppose first that I has a d-linear resolution. Then I has a linear presentation, so GI(u, v)
is connected for all u, v ∈ G(I). If pd I = 1, then I has no bad configuration in ∆(d) by Lemma 3.4,
so we are done. If pd I = 2, then since I has d-linear resolution, the socle of S/I is concentrated in
degree d− 1 (Lemma 2.6), so we are again done by Lemma 3.4.

Conversely, suppose GI(u, v) is connected for all u, v ∈ G(I) and I has no bad configurations
in ∆(d). If pd(I) ⩽ 1, then it is clear that I has a d-linear resolution. Now suppose pd(I) = 2,
so that S/I has a nonzero socle. We also note that the initial degree of the socle of S/I is at
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least d− 1. Indeed, if f represents a nonzero element of socle(S/I), then mf ⊆ I, and since I is
generated in degree d, deg f + 1 ⩾ d. If S/I has a socle element of degree at least d, then I has a
bad configuration in ∆(d) by Lemma 3.4. Thus all the socle elements must have degree d− 1, so I
has a d-linear resolution.

Example 3.6. Let I = (x3, x2y, xy2, y3, x2z, y2z, xz2, yz2, z3) be the pinched power ideal obtained
by removing xyz from the generators of m3. It is easy to see from the dual graph of I that I
is linearly presented. But since I has a bad configuration induced by xyz, I does not have a
linear resolution. On the other hand, J = (x3, x2y, xy2, y3, x2z, y2z) has a linear resolution (see
Figure 3.2).

Figure 3.2: The dual graphs of I and J .

We will now use Theorem 3.5 to show that in three variables, equigenerated ideals with linear
resolutions have linear quotients. More precisely:

Theorem 3.7. Let I ⊂ k[x, y, z] be a monomial ideal generated in degree d with a linear resolution.
Then there is an ordering of its minimal generators such that I has linear quotients with respect to
the ordering.

To prove Theorem 3.7, we first provide an ordering of the minimal generators of I as follows.

Construction 3.8 (Tree ordering). Let I ⊂ k[x, y, z] be a monomial ideal generated in degree d
with a linear presentation. We say that a monomial is on the cth level if its z-degree is c. Since
I is linearly presented, the minimal generators of I are on consecutive levels. Indeed, suppose
f, g ∈ G(I) are on the ath and the bth level with a < b. Since GI(f, g) is connected by Theorem 2.3,
there is a path from f to g. As all minimal generators have degree d, the z-degree can change by
at most one along each edge. Hence any path from f to g must pass through every intermediate
level and therefore I has a minimal generator on every level between the ath and the bth levels. In
particular, on each non-lowest level, there is a unique minimal generator of I with maximal x-degree
among those generators on that level which are connected to a generator from the preceding
level. Now assume that minimal generators of I are grouped into p levels with z-degrees given by
c, c+ 1, · · · , c+ (p− 1). We order the minimal generators of I as follows:

Step 0. For all minimal generators on the cth level, we order them from left to right (see Example
2.5 for our conventions), that is, m0,1,m0,2, . . . ,m0,t0 , where the x-degrees are decreasing, i.e.,

degx(m0,1) > degx(m0,2) > · · · > degx(m0,t0).

Step 1. Inductively, for 0 < i < p, generators on the (c+ i)th level are ordered as follows: denote
by mi,1 the minimal generator of I with the highest x-degree such that it is joined to mi−1,j

by an edge for some j. For the generators on the (c+ i)th level such that their x-degrees are
less than the x-degree of mi,1, we order them from left to right. Then we order the remaining

generators on the (c+ i)th level from right to left, that is, the x-degrees are increasing.
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We call this ordering the tree ordering of minimal generators of I.

Example 3.9. The minimal generators of m3 listed in tree ordering are as follows:

x3, x2y, xy2, y3, x2z, xyz, y2z, xz2, yz2, z3 (see Figure 2.1).

The blue vertices in Figure 3.3 listed in tree ordering are xy3, xy2z, y3z, x2yz, x3z, x2z2, y2z2. Note
that the ideal I generated by these monomials has linear resolution.

x4 x3y x2y2 xy3 y4

x3z
x2yz xy2z

y3z

x2z2
xyz2

y2z2

xz3 yz3

z4

Figure 3.3: The dual graph of I = (xy3, xy2z, y3z, x2yz, x3z, x2z2, y2z2).

The following result is a crucial ingredient in the proof of Theorem 3.7.

Proposition 3.10. Let I ⊆ k[x1, . . . , xn] be a monomial ideal generated in degree d, and suppose
G(I) = {m1, . . . ,mr}. Then the following are equivalent:

1. I has linear quotients with respect to m1, . . . ,mr.

2. The ideals Ij = (m1, . . . ,mj) have linear resolution for j = 1, . . . , r.

3. The ideals Ij = (m1, . . . ,mj) are linearly presented for j = 1, . . . , r.

Proof. (1) implies (2) is [16, Lemma 2.5]. (2) implies (3) is trivial. (3) implies (1) is [6, Proposition
5.6] or [5, Lemma 3.1].

For the remainder of the section, let I ⊆ k[x, y, z] be a monomial ideal generated in degree d
having a linear resolution, and suppose G(I) = {m1, . . . ,mr} with m1, . . . ,mr listed in tree order.

To prove Theorem 3.7, we will also make use of the following two lemmas.

Lemma 3.11. Let Ij = (m1, . . . ,mj) for 2 ⩽ j ⩽ r. If u, v ∈ G(Ij) are on the same level, then
GIj(u, v) is connected.

Proof. By Theorem 3.5, it suffices to show that GI(u, v) = GIj(u, v). Suppose u and v are on the
cth level, and let m ∈ GI(u, v). Then degz(m) ⩽ c. If degz(m) < c, then m ∈ Ij by construction.
If degz(m) = c, then m comes in between u and v in tree ordering, and hence m ∈ Ij again by
construction.

Lemma 3.12. If Ij is linearly presented for all j < ℓ and Iℓ is not linearly presented, then
GIℓ(mi,mℓ) is disconnected for some i ⩽ ℓ− 1.
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Proof. Suppose on the contrary that GIℓ(u,mℓ) is connected for all u ∈ G(Iℓ−1). Let u, v ∈
G(Iℓ) and consider GIℓ(u, v). If V (GIℓ(u, v)) = V (GIℓ−1

(u, v)), then GIℓ(u, v) = GIℓ−1
(u, v) is

connected. Otherwise, V (GIℓ(u, v)) = V (GIℓ−1
(u, v))∪{mℓ}, which implies mℓ| lcm(u, v). Therefore,

lcm(u,mℓ)| lcm(u, v), and hence GIℓ(u,mℓ) ⊆ GIℓ(u, v). As GIℓ(u,mℓ) is connected, there is a path
in GIℓ(u, v) from u to mℓ. But this implies mℓ is connected to every other vertex in GIℓ(u, v), so
GIℓ(u, v) is connected. Thus, GIℓ(u, v) is connected for all u, v ∈ G(Iℓ), so Iℓ is linearly presented,
a contradiction.

Now we are able to prove Theorem 3.7.

Proof of Theorem 3.7. We order the minimal generators of I as in Construction 3.8, and then
by renumbering, assume that I = (m1, . . . ,mr). By Proposition 3.10, it suffices to show that
Ij = (m1, . . . ,mj) is linearly presented for all j. By way of contradiction, suppose not. Let ℓ be
the smallest index such that Iℓ is not linearly presented. Lemma 3.12 implies that GIℓ(mi,mℓ) is
disconnected for some i ⩽ ℓ− 1. Let k be the greatest among such i.

Claim. We claim that ms /∈ GIℓ(mk,mℓ) for all k < s < ℓ.

Indeed, if ms ∈ GIℓ(mk,mℓ), then we have GIℓ(mk,ms) ⊆ GIℓ(mk,mℓ). Since GIs(mk,ms) and
GIℓ(ms,mℓ) are connected, there is a path from mk to mℓ via ms in GIℓ(mk,mℓ), a contradiction.

Assume that mk = xa1yb1zc1 and mℓ = xa2yb2zc2 . As k < ℓ, c1 ⩽ c2. Lemma 3.11 implies that
c1 < c2. Next, we prove that c2 − c1 = 1. Suppose that c2 − c1 > 1. Since GI(mk,mℓ) is connected,
there exists a path connecting mk and mℓ, so there is some ms = xaybzc2−1 in GI(mk,mℓ). We have
k < s < ℓ, so ms ∈ Iℓ, and thus ms ∈ GIℓ(mk,mℓ), a contradiction to the Claim. Thus c2 − c1 = 1
and it follows that a1 ̸= a2 and b1 ̸= b2.

So mk = xa1yb1zc1 and mℓ = xa2yb2zc1+1 with either a1 > a2 or a1 < a2. Consider two cases as
follows.

Case 1. a1 > a2
We have a1+ b1+ c1 = a2+ b2+ c1+1, so b2− b1 = a1− a2− 1 ⩾ 0. This implies that b2 > b1,
so lcm(mk,mℓ) = xa1yb2zc1+1. Since GI(mk,mℓ) is connected, f = mℓ · (x/y) or g = mℓ · (x/z)
is in I (see Figure 3.4).

mk

mℓ

f

gg′

mt

m h

Figure 3.4: Case 1.

If g ∈ I, then g ∈ Iℓ−1. But then the connected graph GIℓ(mk, g) is contained in GIℓ(mk,mℓ),
and this implies GIℓ(mk,mℓ) is connected, a contradiction. Thus, g = xa2+1yb2zc1 ̸∈ I and
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f = xa2+1yb2−1zc2 = mi ∈ I for some i. Next, we prove that f ̸∈ Iℓ. If f ∈ Iℓ, then
f = ms ∈ GIℓ(mk,mℓ) for some k < s < ℓ, a contradiction to the Claim. Hence, f ∈ I \ Iℓ.
We now show that for all vertices of the form ms = xpyqzc2 ∈ Iℓ with k < s < ℓ, we must
have p ⩽ a2. Suppose not, i.e., there is a vertex, say ms = xpyqzc2 ∈ Iℓ for some k < s < ℓ,
such that p > a2. We have q < b2, so lcm(ms,mℓ) = xpyb2zc2 . Since f, g ̸∈ Iℓ, we obtain that
mℓ is an isolated vertex of GIℓ(ms,mℓ), a contradiction since our choice of k implies that
GIℓ(ms,mℓ) is connected.

Next, we claim that h = mℓ(y/z) ∈ Iℓ. If mℓ is the first generator of I on the cth2 level,
then mℓ must be adjacent to a vertex from the lower level, and since g /∈ I, h must be in I.
Otherwise, mℓ−1 = xpyqzc2 for some p ⩽ a2. If h /∈ Iℓ, then as GIℓ(mℓ−1,mℓ) is connected,
we have mℓ−1 = mℓ(y/x). But then in GIℓ−1

(mk,mℓ−1), mℓ−1 is an isolated vertex, which
contradicts the fact that Iℓ−1 is linearly presented. Thus, h ∈ Iℓ.

Let mq ∈ GIℓ(mk,mℓ) be the generator on the cth1 level with the smallest x-degree such that
g′ = mq(y/x) /∈ Iℓ. Then none of the monomials in the segment [g, g′] are in I, that is,
g′, g′(y/x), g′(y/x)2, . . . , g are not in I. Consider u = lcm(g, g′) whose z-degree is c1. We
complete the proof of Case 1 by showing that u induces a bad configuration in GI . Let S be
the d-shadow of u. We claim that S consists of monomials not in I. On the contrary, suppose
that there exists some mt = xαyβzγ ∈ G(I) dividing u for some t < ℓ. Because of the choice
of u, γ < c1. Since I is linearly presented, GI(mt,mℓ) is connected. Then there is a vertex m
of GI(mt,mℓ) with z-degree c1. It is not difficult to see that lcm(mt,mℓ) = xαyb2zc2 , so m
must be in the segment [g, g′], a contradiction. This proves the claim. However, the d-shadow
of ux contains mq ∈ I, that of uy contains h ∈ I, and that of uz contains mℓ ∈ I. Thus u
induces a bad configuration in GI , a contradiction since I has a linear resolution.

Case 2. a1 < a2

g
h

mℓ

f

g′ mk

Figure 3.5: Case 2.

This case is similar to Case 1 and only requires minor modifications. We start by noticing
that lcm(mk,mℓ) = xa2yb1zc1+1 and b1 > b2 + 1. As above, g = mℓ(y/z) = xa2yb2+1zc1 /∈ I
and f = mℓ(y/x) ∈ I \ Iℓ (see Figure 3.5).

Now suppose there exists some ms = xaybzc2 ∈ G(Iℓ) with a < a2. Then lcm(ms,mℓ) =
xa2ybzc2 . Since f, g /∈ Iℓ, mℓ is an isolated vertex in GIℓ(ms,mℓ), a contradiction to the
connectedness of GIℓ(ms,mℓ). Thus, for all ms = xaybzc2 ∈ Iℓ, we must have a ⩾ a2.

Next, we claim that h = mℓ(x/z) ∈ Iℓ. If mℓ is the first generator of I on the cth2 level,
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then mℓ must be adjacent to a vertex from the lower level, and since g /∈ I, h must be
in I. Otherwise, mℓ−1 is on the same level as mℓ, so degx(mℓ−1) ⩾ a2. If h /∈ Iℓ, then as
GIℓ(mℓ−1,mℓ) is connected, we have mℓ−1 = mℓ(x/y). But then in GIℓ−1

(mk,mℓ−1), mℓ−1 is
an isolated vertex, which contradicts the fact that Iℓ−1 is linearly presented. Thus, h ∈ Iℓ.

Let mq ∈ GIℓ(mk,mℓ) be the generator on the cth1 level having the largest x-degree such
that g′ = mq(x/y) /∈ Iℓ. Then g, g(y/x), g(y/x)2, . . . , g′ do not belong to I. Let S be
the d-shadow of u = lcm(g, g′). Suppose there exists some mt ∈ G(Iℓ) ∩ S. Consider the
connected graph GI(mt,mℓ). Since degz(mt) < c1, there exists some m ∈ G(Iℓ) such that
degz(m) = c1. Since the x-degree of lcm(mt,mℓ) is a2, degx(m) ⩽ a2 = degx(g). Similarly,
degy(m) ⩽ degy(lcm(mt,mℓ)) = degy(mt) ⩽ degy(g

′). Hence, m ∈ S. But all elements in S
with z-degree equals c1 are outside of I. Thus, S consists of degree d monomials not belonging
to I. However, the d-shadow of ux contains h ∈ I, that of uy contains mt ∈ I and that of uz
contains f ∈ I. This implies I has a bad configuration in ∆(d), a contradiction.

We finally have the theorem that was stated in the introduction.

Theorem 3.13. Let I ⊆ k[x, y, z] be a monomial ideal generated in a single degree. Then the
following are equivalent:

1. I has a linear resolution;

2. I has linear quotients;

3. Every power of I has a linear resolution.

Proof. The equivalence of (1) and (2) is established by Theorem 3.7 and [3, Lemma 4.1]. (3) implies
(1) is clear. (1) implies (3) follows from [9, Corollary 7.9].
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