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In 1921 Bertrand Russell delivered two lectures on mathematical logic at
Peking University. Manuscripts for the lectures have not been found, but
two sets of Chinese notes, which were based on a simultaneous oral
translation of Russell’s lecturing, were published. The notes are trans-
lated into English based on the best readings of both sets. An introduc-
tion and notes with a glossary discuss the background and content of the
lectures as well as the linguistic difficulties in translating logical terms.

ussell visited China during 1920-21. He decided to lecture to

Chinese students on the topic of mathematical logic, probably

because he received an invitation (dated 22 November 1920) to
“give one or a series of lectures on Mathematical Philosophy” from
Fu Tong, a philosophy professor at the Government University of Pe-
king (now Peking University), on behalf of the Study Circle for Math-
ematics and Science of the High Normal School (now Beijing Normal
University).” Interestingly, in a letter to Wittgenstein on 11 February
1921, Russell commented that his Chinese students were “not ad-
vanced enough for mathematical logic”.? This may be part of the rea-
son why he prepared very elementary material for his lectures on
mathematical logic in the following month.

The authors wish to thank two anonymous referees for their comments and Russell
Society members at their 2017 annual meeting, Central Connecticut State U.
Another letter from Fu to Russell on 24 November 1920 shows that Russell seems
to have accepted the invitation. See ZHOU, “A Critical Bibliography of Russell’s Ad-
dresses and Lectures in China” (2016), p. 161.

Our thanks to Landon Elkind for directing us to this letter dated 11 February 1921
(in MCGUINNESS, ed., Wirtgenstein in Cambridge [2008], p. 124).
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Main Hall of the Second Campus, Peking University, ¢.1919—49.

Russell delivered two lectures on mathematical logic at Peking Uni-
versity in March 1921. We know that the first lecture was delivered in
the Main Hall of the Second Campus, Peking University, on 8 March,
7:30-9:30 pm (see above for a photograph of the Main Hall).* The
exact date when the second lecture was delivered remains uncertain.
But we know that Russell fell ill on 14 March and that he had to cancel
his planned lectures due to his illness. So the date of the second lec-
ture should be between 8 and 14 March. Relatedly, some secondary
sources indicate that Russell was scheduled to give four lectures, but
had to stop after the first because of his illness.’ So it is also possible
that these “two lectures” are simply parts of a single evening’s presen-
tation. Nonetheless, both sets of notes taken by Wi Fanhuan and Mu
Yan, which are the basis of the current English translation of these
lectures, numbered two lectures or two parts of a single presentation.
Wu, in his notes, explicitly stated that Russell gave two lectures on
mathematical logic.’ The notes are consistent with respect to the con-
tent of the lectures because they are both based on a simultaneous oral
Chinese translation of Russell’s lecturing by Zhao Yuanrén. Zhao took

See YuaN, SuN and REN, eds., Zhonggué Ddo Ziyéu Zht Lu: Ludésu Zaihua
Jidngydnji [China’s Road to Freedom: a Collection of Russell’s Lectures in Chinal
(2004), p. 309. The time period of this lecture corresponds to a suggested period in
the invitation letter from Fu. This fact supports the surmise that Russell decided to
lecture to Chinese students on mathematical logic because of Fu’s invitation. An-
other letter, from Fu Zhongstin and Zhang Bangming to Russell on 23 March 1921,
confirms that he lectured on mathematical logic and that they were still expecting
him to give more lectures on this topic in the near future (see ZHOU, p. 159 n. 48).
See YuaN, SuN and REN, p. 309. For further details of Russell’s illness and the can-
celling of the lectures due to it, see ZHOU, pp. 145—6, 155 n. 28, 158—60 nn. 45, 48.
For discussion of the date and number of these lectures, see ZHOU, pp. 159—60.
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a PHD in philosophy from Harvard University in 1918 under the su-
pervision of Henry Sheffer (before that he studied mathematics and
physics at Cornell University). He taught at Tsinghua College (now
Tsinghua University) during Russell’s visit.” Zhao did an excellent job
of picking appropriate Chinese words for technical terms (the transla-
tor will discuss in notes the linguistic difficulties in finding equivalents
in Chinese for such terms), although some of the translations follow
previous scholars.® Wu’s notes were first published in Shuli Luéjt
[Mathemarical Logic] (Peking University New Knowledge Press,
1921), and an early version of Mu’s notes can be found in
Luésu Ji Bolake Jiangydanlu [A Collection of Lectures by Russell and
Black] (Beijing Weiyi Daily Press, 1921). Both versions have been re-
printed in China in recent years.” However, they have not been trans-
lated into English until now. Since Russell’s manuscripts for these lec-
tures have not been found (he probably used brief notes when he gave
these lectures), translating their Chinese versions into English will be
of assistance to scholars and readers in the English-speaking world.
Those interested in the development of his views on logic between the
first edition of Principia Mathematica (1910-13) and the second edition
(1925—27) may find the lectures particularly interesting.

The material of the first lecture, the discussion of the Sheffer stroke
as a new primitive connective in propositional logic, and the proposed
single axiom from Jean Nicod, are familiar from lectures that Russell
presented before going to China.” These became the basis for the sys-
tem of the second edition of PM in 1925.” That Russell introduced
these ideas first in this popular set of lectures may reflect his own
thinking about a new formulation of PM in the light of Sheffer and
Nicod’s ideas as much as a view about how to introduce logic to nov-
ices.” The second lecture, which introduces ideas of the “Algebra of
Classes” is a novelty. This material is the subject matter of *22 in PM,

Zhao (known in the West as Y. R. Chao) later taught for many years at uc Berkeley,
where the Bancroft Library has a large collection of his papers. To gain further in-
formation about Zhao, the translator hopes for an opportunity to examine them.
See, for example, n. 35.

For publication information with respect to these lectures, see ZHOU, p. 160.

See PLA in Papers 8: 186 and IMP, p. 148.

PM?2, Introduction and Appendix A. See LINSKY, The Evolution of Principia Mathe-
matica (2011), pp. 124—6.

An anonymous referee reminded us that the relationship between the two editions
of PM is contested by scholars. See LANDINI’s review (2013) of LINSKY.
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but it does not occur in his popularizations of logic such as “The Phi-
losophy of Logical Atomism” or Introduction to Mathematical Philoso-
phy. Presumably Russell was going to go on to discuss quantifiers, the
“no-classes” theory of classes in *20 of PM, and in the later lectures
the theory of types. Basing further discussion of logic on the algebra
of classes may reflect an early version of the idea which distinguishes
the second edition of PM from the first, namely the adoption of ex-
tensionality, by which the difference between propositional functions
and classes is reduced. For Russell the reduction of mathematics to
logic is a combination of a reduction of the theory of classes to logic,
which is the material in sections *1-*20 in PM, and then the further
reduction of mathematics to relations “in extension”, which occupies
the remainder of the three volumes. Russell may have thought that
this latter reduction was the best subject-matter for an introduction to
“Mathematical Logic” for an audience that was new to the subject.
He may have already decided that the foundational logical material in
the “Introduction” to PM and the first sections up to *20 might not
be genuinely introductory but still subject to development and
changes. If so, these lectures reveal a feature of Russell’s “public lec-
tures”, which, while admirably accessible to a general audience, al-
ways stated Russell’s current position on his topic, however well the
technical difficulties he was struggling with might be hidden.

BERTRAND RUSSELL
Mathematical Logic [Shuli Luéji/Shuxué Luoji)™
I

Everyone [Zhujun],™

The difference between mathematical logic and ordinary mathe-
matics [piitong shuxué] lies in that they proceed in different direc-
tions: ordinary mathematics goes forward, while mathematical logic
goes backwards.” But you should know that going backwards does

3 These are the Chinese Pinyin terms for “Mathematical Logic” used by Wu and
Mu, respectively. (Such variants are listed in the order “[Wu/Mu]”, including in the
Appendix 11 glossary.) The terms are in English in the lecture notes and in bold type
here. Variant English words are limited to “Mathematical Logic” and “informal
principle” (only in Wu’s notes), “proposition function”—corrected here to func-
tion of propositions (see IMP, p. 147, and PM2 1: xiv, 6; see also n. 35)—and
“equivalency” in Wu’s notes, and “incompatibility” (only in Mu’s notes).

4 This is found in Wu’s notes (but not in Mu’s notes).

> For the “directions” of logic and mathematics, see the opening words of IMP.
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not mean getting worse. Rather, it means an approach to seeking
grounds.™

When we encounter many mathematical propositions [mingti],"”
two different kinds of questions are going to arise: (1) What can we
deduce from these propositions? This is what ordinary mathematics is
supposed to study. (2) From what kind of propositions can we deduce
these propositions? That is to say, we need to find simpler and fewer
propositions from which we can deduce these relatively more compli-
cated propositions. Taking steps like this, we can go backwards and
find propositions that are even simpler than the simple propositions
that we have found at the previous stage. This is what mathematical
logic is supposed to study.

We can randomly pick a kind of deductive [tutlun]™ system, such
as arithmetic [suanshu],” geometry [jihé],” Newtonian mechanics
[Niudun lixué], etc., in which we can deduce the totality of a system
from a few axioms [ gongli/zili]*" and postulates [ gongfad/
jidding]** (I will clarify the distinction between axioms and postulates

16wy futbénsuytan”/“zhutqiubényuan” literally means “tracing the source” in Eng-
lish. The philosophical term corresponding to “source” would be the Greek word,
“arche”, which means “origin”, “beginning”, or “source”. But according to what
Russell says in the next paragraph, this was meant to tell the audience that mathe-
matical logic is a subject that seeks to find out logical grounds, namely the simplest
and fewest propositions from which we can deduce relatively more complicated
propositions.

7 Russell takes “propositions” to mean a form of words or symbols which expresses
either truth or falsehood (he also seems to use “propositions” and “symbols” inter-
changeably; see IMP, Ch. 15). “Mingti” originally means to assign a topic and is
used as a technical term for a statement which expresses either truth or falsehood.

8 Although the Chinese Pinyin “tutlun” is close in meaning to the English term “de-
duction”, in contemporary literature Chinese logicians and philosophers usually use
“ydnyl” to capture the meaning of “deduction”, and “ydnyi de” to capture the
meaning of “deductive”.

¥ «Suanshu” literally means “methods for calculation”. It can also mean “mathematics
in general”. For example, the Chinese mathematics book, Jiuzhang Suanshu, which
is known as one of the earliest surviving mathematics texts from China, includes
chapters on both arithmetic and geometry. But in the current context, the translator
used “suanshu” to capture the meaning of “arithmetic”.

2% «J{hé” literally means “measurement of size”. This Chinese translation of “geome-
try” derives from the translation by Xa Guangqi and Matteo Ricci during the Ming
dynasty (1368-1644).

2 «g ongli/zili” literally means “a theory or statement that is self-evidently true”.

22 “Jidding” literally means “assumption”. “Gongfa”, which literally means “accepted
law”, is not an appropriate translation here.
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later).” In addition to the aforementioned systems, every kind of pure
mathematics can be deduced from a finite number of axioms and pos-
tulates. All axioms and postulates are purely logical.**

Ordinary mathematics, except for a few special kinds, such as pro-
jective geometry [touying jihé] and group theory [qunlun],* are as-
sociated with numbers [shumu].*® But there are many subjects which
have nothing to do with numbers but can be studied rigorously by
using mathematical methods, and mathematical logic is a required in-
strument for such studies. Therefore, although mathematical logic is
part of mathematics, it is not concerned with numbers.

At this point, we cannot provide a clear definition [dingyi]*” of
mathematics: we will do this once we have covered more material.
However, we can now give a simple definition as follows: a subject
which seeks to deduce results by using symbols [fithao] is called
“mathematics”.”® Whether we use numbers or not does not matter;
even if we use numbers, we just do so by chance. But we should know
several characteristics of this subject: (1) mathematics is rigorous; (2)
mathematics is certain and beyond doubt; and (3) for mathematicians,
if they are responsive to one part [of the subject in question], they
must be responsive to other parts. Generally speaking, if one is readily

3 Russell did not specify this distinction in the two lectures. Nevertheless, since he
planned more than two lectures, he could have planned on discussing this distinction
in later lectures.

With “axiom” Russell is referring to “Primitive Propositions (Pp)”, which are basic
logical principles from which others are derived, now presented as axioms or axiom
schemata. “Postulates” are assumptions that are explicitly added as antecedents of
conditional theorems. Both Russell’s “multiplicative axiom” (Mult ax), now known
as the “Axiom of Choice”, and the “Axiom of Infinity” (Ax Inf), are in fact used as
“hypotheses” in PM. The “Axiom of Reducibility” (Red Ax), however, is a “primitive
proposition” and hence a real “axiom” in Russell’s terminology used here.
“Qunlun” is a literal translation of “group theory”: “qun” literally means “group”,
and “lun” literally means “theory”.

Nowadays, Chinese people simply use “shu” to capture the meaning of “number”.
“Dingyl” literally means “eternal or correct meaning”, which is close to what “defi-
nition” means.

This definition of mathematics seems too general: it may pick out a subject which is
not mathematics. E.g., Russell himself mentions Newtonian mechanics earlier on as
a deductive system, one that presumably uses symbols, but which is not a part of
mathematics. Perhaps by “symbols” [“f1thao”] Russell means here “defined sym-
bols”, or “symbols introduced as abbreviations”. Even so, it is unclear how his defi-
nition of mathematics here can distinguish mathematics from other deductive
systems which also presumably use symbols. But he may be providing only a prelim-
inary or simplified definition of mathematics at this point.
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able to use abstract symbols, he will be responsive to all parts of math-
ematics.

In fact, we know that many kinds of mathematics are independent
of numbers. When we study these subjects, we need to use mathemat-
ical logic. Mathematical logic is essential to our study of these sub-
jects, just as calculus is important to ordinary mathematics.

For those of you who studied mathematics, you must have known
that many problems, which used to be regarded as philosophical prob-
lems, are now treated as mathematical problems. These problems, to
which philosophers had no solutions for thousands of years, are now
solvable by using mathematical methods. For example, people at-
tempted to explain physical entity [wu de shizai/wuli de shiti],* but
they did not succeed because the previous philosophical enquiries of-
fered no solutions to problems concerning matter [wuti/wuzhi],*
space [kongjian], time [shijian], etc. Now we know that we have
to use mathematical methods to address these problems, and hence
we treat these problems as problems to be addressed in the field of
mathematical logic, in which we have achieved satisfying results.

As discussed earlier, every kind of pure mathematics can be de-
duced from a few purely logical axioms or postulates. Now let me add
that in pure mathematics we do not deal with particular things to
which we are actually able to point [zhichui]—all that we need is just
symbols, such as x, y, 2, etc., and that asking questions concerning the
meaning of such symbols is not necessary. Moreover, things that can
be verified [zhéngming] or falsified [fourén/fduzhéng]® by experi-
ments are also not included in pure mathematics. For example, “Two
straight lines [zhixian] cannot enclose a space” is not a purely math-
ematical proposition. More than that, this proposition is problematic,

29 «wq de” or “wuli de” literally means “physical”. Nowadays, when Chinese philos-
ophers use terms like “shizal” or “shiti”, they intend to mean “substance”. In both
Wu and Mu’s notes, “entity” is the English term corresponding to “shizai” or
“shiti”.

“Wuzhi” is an appropriate translation of “matter” here. “Wuti” or “Wu” literally
means “physical entities”. “Zhi” is perhaps related to “zhiliang”, which literally
means “measurement of mass”.

“Kongjian” and “shijian” are widely used to capture the meaning of “space” and
“time” respectively.

“Zheéngming” literally means “to demonstrate the truth of something by evidence
or argument”; “fourén”, “to deny the truth of something”; and “fouzhéng”, “to
deny the truth of something by evidence or argument”.
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because we do not have an exact definition of straight lines. Early on
it was widely held that light travels in a straight line. Given this, people
attempted to define straight lines in terms of light [guangxian]. Nev-
ertheless, we now know that light is affected by gravity and becomes
bent as a result. So the previous definition does not work. Addition-
ally, in theory it is very difficult to “verify or falsify” such things as
straight lines. With that being said, the kind of propositions discussed
above cannot be included in pure mathematics.

When we study mathematical logic we exclude particular things
that we can point to. Consider this example: “If it is raining, then I
want an umbrella; now I don’t want an umbrella, so it is not raining.”
In mathematics we can use p to represent “it is raining” and use ¢ to
represent “I want an umbrella”. Therefore, we would just say, “If p,
then ¢; now not g, so not p.” This shows that in mathematics we only
use symbols, regardless of what kind of things they represent. We also
use variables [bianliang]—meaningless letters, such as x, v, z, etc.,
represent variables—and we study them on the basis of a few postu-
lates, regardless of whether they are true or not. So I sometimes define
mathematics in a way that enemies of mathematics may be happy
with. My definition is as follows: for the people who study mathemat-
ics, they do not know what they are talking about, nor do they know
whether what they are saying is true.?

The totality of pure mathematics, as we have known it, can be de-
duced from a few axioms or postulates. It follows that methods of de-
duction are very important. For example, proposition ¢ can be de-
duced from proposition p. If p is true, and given that if p is true then
q is true, then we know that ¢ is true. This sort of case is called “if p
then ¢” or “p implies [baohdn]** ¢”. Furthermore, “If p then ¢” is a
function [hdnshu/hdnjian] of p and ¢, which is called a “function of
propositions” / “propositional function”) [ mingti hanshu/
mingti hanjian].?® Functions of propositions are very important to

33 This joke is first found in “Mathematics and the Metaphysicians” (1901; ML, p. 75;
Papers 3: 366).

34 «Baohan” literally means “to contain”. Here, it is used to capture the meaning of
the verb “imply”.

35 “Hanshu”, as a Chinese translation of “function”, was invented by Li Shanlan
(1810-1882), a well-known Chinese mathematician. He specified the meaning of
“hanshu” as follows: if a variable contains another variable, then the former variable
is the function of the latter variable (¢f. Daishuxué [The Study of Algebra]). To see
how this translation goes, we should know that “hdn” in Chinese means “box” or
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mathematical logic. In functions of propositions variables are one or
several propositions, just as in mathematical functions variables are
one or several numbers. If the truth of a function of propositions de-
pends on whether the propositions that it contains are true or not,
then this proposition function is called a “truth function”
[zhenli hanshi/zhénli hanjian].*® To illustrate this concept, we can
take a “non-truth function” as an example: “I believe p” is a function
that contains p, but the truth or falsity of “I believe p” does not depend
on the truth or falsity of p. This is because even if p is false, I can still
believe it. Therefore, “I believe p” is not a truth function.

Every truth function can be derived from a single truth function—
incompatibility [buxiangréng],”” which means “two things cannot
be both true”. For example, we can symbolize the incompatibility of
pand g as p | q. This expression means “p and ¢ cannot be both true”.
That is to say, “either p is false or ¢ is false”. We can derive other
functions from this function:

(1) p|p. This expression means “either p is false or p is false”. That is
to say, “p is false”. We symbolize “p is false” or “not-p” as ~p. It
follows that ~p = notp (pis false) = p|p Df (Df = Defini-
tion).

() (@]|p)|(g]q). This expression means “either p is true or g is true”.
That is to say, “p and g cannot be both false”. In symbols: pv g =
(p1p) | (q]|q) Df, where “p v q” is the logical sum [ludji de hé]
of p and gq.

® @lol®le) = ~@lq) = not(p|q). This expression means

“envelop”. “Shu”, as mentioned before, means “number”. So putting these two
words together, we have “hanshu”, which means “box/envelop with number inside”.
This Chinese translation of “function” is particularly appropriate for the notion of
function used in ordinary mathematics, where variables (arguments) are numbers.
“Hanjian” is variant of “hdnshu”, which originally means “envelop with letter or
something inside”. “Hdnjian” seems to be a more appropriate Chinese translation
of “function” in “function of propositions” than “hanshu”, since in a function of
propositions the arguments are propositions rather than numbers. A combination of
“mingti” and “hdanshu”/“hanjian” is therefore used to capture the meaning of
“function of propositions”. (See IMP, p. 147; PM2 1: xiv, 6.) The use of “proposition
function” (in English in Mu’s notes) is treated here as Mu’s mistake and corrected
to “function of propositions”. In Wu’s notes, the term used here is “propositional
function”, which is problematic in the current context because propositional func-
tions can have arguments that are not propositions.

¥ «zpeniy literally means “a theory or fact that is accepted as true”.

37 “Buxiangrong” literally means “(two things) cannot exist together”.
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“both p and q are true”. In symbols:p < q = (p|q) | (p|q) Df,
where “p - g” is the logical product [ludji de ji] of p and ¢q. (We
have now observed the uses of symbols. Without symbols, when we
say in everyday life, “Today is Tuesday, tomorrow is Wednesday”,
in logic we have to say, “Either today is not Tuesday or tomorrow
is not Wednesday and either today is not Tuesday or tomorrow is
not Wednesday are incompatible.” This is very inconvenient and
not easy to follow.)

(4) p|(q]|q). This expression means “p and not-g are incompatible”,
i.e., “either p is false or not-gq is false”. In other words, it means that
“either p is false or ¢ is true”. So p|(ql|q) = not-porq =
if p,thenq = pimplies q. In symbols: p D q = p| (q|q) Df.

(5) pl(q|r) = pimplies q and r. What this expression means is very
clear, so I will not say more about it.

When we study mathematical logic we must use a few principles
[yuanli]®® to deduce others. We now have six deductive principles,
among which the first five principles are formal principles
[xingshi de yuanli] and the last principle is an informal principle
[fetxingshi de yuanli].*® Here are the principles:

(1) (pvp) Dp,i.e., “porp” implies p.

(2) g>((@vq),ie.,ifg, then “p or ¢”.

3) (pvq)>(qvp),ie.,if “porg”, then “q or p”.

@ pv(@vr)ogv(pvr).

) (gqo>r)>[(pvg) D (pvr)),i.e.,ifgimplies r, then “p or ¢” im-

plies “p or r*.*°

M. Nicod has reduced these five formal principles to one as follows:

There are five propositions: p, ¢, , s, and z.

PutP = p|(q|r) (pimplies g and r),
m = t (t]|t) (timplies itself),
R = (p|s)| (p]s) (the conjunction of p and s),
Q = (s|9) | R (p and s implies s and q).

Therefore, P | (| Q) (P implies 7 and Q).

8 PR, ..
3 “yuanly” literally means “a fundamental or original theory or fact”.
39 “Xingshi” literally means “form”. “Féi” literally means “no” or “negative”.
o . . . . . .
A horseshoe, as the main connective, between the brackets is missing in Wu’s notes,
while in Mu’s notes the main connective is “U”, which is perhaps a typo. These are

five of the “primitive propositions” of PM, *2. The sixth is the rule of Modus Ponens.
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In addition to the preceding five formal principles, M. Nicod has
yielded another informal principle:

(6) If we know that p is true and p implies g, then we can say, ¢ is true.

By using the above symbols, we can express logical laws
[fdzé/yuanzé],* such as:

Law of contradiction [mdodun lii/mdodun dinglii].* It says that p and
not-p cannot exist simultaneously, i.e., ~(p * ~p) = p|(p|p).

Law of excluded middle [pdi zhongxiang L/
wit zhongxiang dinglii].*® It means either p or not-p, i.e., pv ~p =

@Inl@InI@In] = ®@lp)lp.
Syllogism [sanduanlun fd].** In symbols: [(p 2q) = (g27r)] 2 (p2
r).®

24
Everyone,
In some cases, two truth functions are equivalent [déngzhi de], i.e.
that if one is true, then the other is true; and that if one is false, then
the other is false. We often use = to denote the equivalence relation

4 «Fzé” literally means “rules”. In comparison with “guizé”, which also literally

means “rules”, “fdzé” is often used in a more objective or stronger sense than
“guizé”. “Yuanzé” literally means “fundamental or original rules”.

», « B < » o«

“Li” literally means “rules or laws”; “Dinglii”, “eternal rules”; “Mdodun”, “spear
and shield”, with “contradiction” being its extended meaning.

“Pai” is the same as “paichi”, which literally means “to exclude or keep (something
or someone) out”. “Wu” literally means “vacancy or emptiness”. “Zhongxiang”
literally means “items in the middle”.

“Sanduanlun”, which literally means “a reasoning expressed in three parts”, is a
widely accepted Chinese (Pinyin) translation of “syllogism”. “Fd” is often used to
capture the meaning of “law or method”.

In both versions of notes, brackets are missing here, or perhaps dots around the O.
According to Wu’s notes, in the second lecture, Zhao introduced a few symbols that
Russell would use in this lecture to replace parentheses, brackets, and braces: one
dot . replaces ( ), two dots : replace [ ], and three dots - replace { }. For example,
4 — {[(2+3) x (3+5) — 12] + 5} willbe expressed as 4 — ~:.24+3. X .3+5. — 12
: + 5 ... But Zhao’s account is not an accurate characterization of Russell’s use of
dots in PM. (See PM itself, 1: 10.) The incorrect dots in Wu’s notes might be a result
of Zhao’s account. Mu’s notes simply keep brackets as brackets. The translator
(Zhou) will follow Russell’s usage of dots except for the case in which both versions
of notes keep brackets as brackets (see n. 48 for the exception).
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[déngzhi de guanxi]).”’ Hence: (p=q) = (p>q) - (q>p).*
The equivalence (equivalency?) relation possesses three properties:

(1) reflexiveness [fdnsheé],i.e.,p =q.
(2) symmetry [duichén],i.e.,p=q.D.q =p.
(3) transitiveness [yixiang],*ie,p=q q=r.o.p=r.

Among the properties listed above, (2) and (3) are independent. For
example, givena > b, b > ¢, we geta > c. Hence this relation is
transitive. But it is not symmetrical, because it is not right to derive
b > afrom a > b. Take another example: assume that a is not like
b, it follows that b is not like a. So this relation is symmetrical. But it
is not transitive, because assume that a is not like 4 and b is not like ¢,
it does not follow that a is not like ¢. Moreover, (1) is associated with
(2) and (3): if (2) and (3) exist, then (1) exists as well.

“Equivalence” in mathematical logic is comparable to “equality”
[xiangdéng]® in ordinary mathematics. But in mathematical logic we
have the following expressions:

-pVvp
D"

p.
D p

In ordinary mathematics we know that the following two expressions
are not right:

=x+x

X =X "X

R
I

Therefore, unlike ordinary (numerical) algebra [xunchdang dalshu],
logical algebra [ludjt de daishu] is non-numerical.’

47 “Déngzhi de” is the adjectival form of “Déngzhi”, which literally means “equivalent
values”. “Guanxi” literally means “connection or relation”.

In both Wu and Mu’s notes, dots are not used in this case. Moreover, an identity
sign occurs here as the main connective. The translator (Zhou) understands it as a
symbol for definition and so would expect “Df” at the end.

“Fdnsheé” literally means “reflection or the throwing back by a surface of light,
sound, etc.” “Duichén” literally means “exact correspondence between two things”.
“Yixiang” literally means “moving of items”.

“Xiangdéng” is the same as “déngzhi”; both mean that some given values are
equivalent.

“Daishu”, which literally means “replacement of numbers”, was first used by
Li Shanlan as a Chinese translation of “algebra” (see n. 34).
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In logical algebra we have several laws, which are comparable to
laws in ordinary algebra:

(1) the commutative law [ huthuan li/hthuandingli]: pvq.=
.qVvp,p * q.=.q * p, which is the same as the commutative law
in ordinary algebra,i.e,p + ¢q = q+p,p * q = q " p;

(2) the associative law [ lianhé lii/lianhé dinglii]: pv(qvr).=
.pve)vrsp (@ *r).=(p = q) - r,whichis the same as the
associative law in ordinary algebra;

(3) the distributive law [jigohuan lii/jicohuan dinglii].>* This law
includes two expressions. One of the two expressions is the same
as the one in ordinary algebra (see A below), while the other does
not apply to ordinary algebra (see B below): A.p = gqvr.= :p

*q v p " r,which corresponds tox (y + z) = xy + xzin
ordinary algebra; B.p *v *q * r : = pvgq * pvr, whose cor-
responding expression in ordinary algebra, x + (y = z) = (x +
y) * (x + z),is not right.

We turn now to the logic of classes [z de [u6ji].” In this lecture,
we use a, f, Y to represent classes.’* I begin by introducing several
kinds of symbols.

Diagram 1

As shown in Diagram 1, « is contained in f. We use the symbol, C, to
represent this relation. Hence: @ € . That is to say, every member
[ziiyudn] of a is a member of f.

The multiplication/[logical] product of classes [zl de chéngfd]:

2 «Hyhuan” literally means “two things switch their positions”. “Lianhé” literally
means “the act or state of uniting”. “Ji@dohuan” is close in meaning to “huhuan”
and so is not a good translation of “distributive”. In contemporary literature, Chi-
nese logicians often use “fénpéi lii” to mean “the distributive law”. “Fénpéi” liter-
ally means “the act of sharing or distributing”.

“Zu” literally means “group”.

Lower-case Greek letters in PM stand for classes. Free lower-case Greek letters can
be replaced by a class expression “X(gx)”. In the remainder of this lecture, the reader
will find nothing of PM’s contextual definitions of class and relation-in-extension
expressions.
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a N B means the common part of both a and B.% See the overlapping

area in Diagram 2 below.

Diagram 2

The addition/[logical] sum of classes [zl de jiafd]: « U f means
the [logical] sum of a and f3.%

Put x € a = xis amember of a Df. Given all these definitions,
we can get:

acf.= :x€a.0,. x€RY
X€Eanpf.=.x€Ea - xePB
XEaUPB.= :xEa.v.x€P”?

We can see from the above expressions that the symbols used in class
logic, such as c, N, and U, have some connections with the symbols
that we introduced earlier, such as D, = , and v.

Negative class [fuzii]. A class composed by members that are not
members of another class is called the “negative class” of that class.
Negative classes, which we use — to represent, are comparable to
negative propositions [ fduding mingti]*
[mingti luéjt]. Hence:

in propositional logic

-a = not-a®
xX€E-a = ~(x €a)Df
a-f = an-£Df

X~ €Ea = ~(x€a)Df

Classes can be divided into three kinds:

35 «Multiplication” is a literal translation of the Chinese term, “chéngfa”. For Rus-

sell’s notion of the “product” of classes, see PM 1: Summary of *22.
“Addition” is a literal translation of the Chinese term, “jiafd”. For Russell’s notion
of the “sum” of classes, see PM 1: Summary of *22.
Surprisingly, in both versions of lecture notes, the main connective in this expression
is a horseshoe (see the images in Appendix 1). It should be the symbol for equiva-
lence. Moreover, in this expression x should be bound universally. See PM, *22.1.
% See PM, *22.33.
% See PM, *22.34.
€ Both “fu” and “fouding” means “negative”.

TA proper definition of “not-a” is this: —a = X(x~ € a) Df (see PM, *22.04).
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(1) A class which has no members is called a “null class” [lingzu],
represented by A. E.g., the class which is composed by all even
prime numbers except 2.

(2) A class which contains some thing(s) but not all things in the uni-
verse as its member(s) is called an “existing class” [ciinzaizii],
represented by 3.%2 E.g., the class which is composed by all prime
numbers.

(3) A class which contains all things in the universe as its members is
called a “universal class” [yfizh(‘)uzii],63 represented by V. E.g.,
the class which is composed by all things that are identical to them-
selves.

Now I want to introduce the definition of identity [xiangdéng],
which is comparable to the concept of equivalence that we discussed
previously: @« = f.=.ac f B ca Df. From this definition we
know that A=-V, and V=-A. Put 3! a.=.(3x) .x € a Df.** This
means that a contains at least one member, i.e., ~ (¢ = A). So we can
get:

(an B =A) = nomembers of a are members of f3,
(3! an B) = some members of a are members of B,
(3! a- B) = some members of a are not members of B,
and [hé]%
acpf

all members of a are members of f3.

People once thought that in the logic of classes nothing is beyond the
four categorical [zuida] propositions.®® Now we know that there are

2 The comment that says that not all things in the universe are members of an existing
class is surprising. Russell himself accepted 3!V. See PM, *24.52.

“Ling” literally means “zero”. “Cunzai” literally means “existence”. “Yiizhou” lit-
erally means “universe”.

4 See PM, *24.03.

5 In Wu’s notes, there is a strange sentence between the third expression (i.e., the one
that says that some members of a are not members of ) and the fourth expression
(i.e., the one that says that all members of a are members of 5): “The sum [hé] of
these three expressions is”. To compare, it is worth mentioning that a similar sen-
tence in Mu’s notes says that “these three hé”, where “hé” seems to mean “and”
rather than “sum”. So Russell might simply mean that there is a fourth expression,
in addition to the preceding three, as one of the four categorical propositions. The
difference between these notes shows a different grasp of Russell’s original speech
and Zhao’s oral translation.

“Zulda” literally means “maximum”. The Chinese translation here is close to the
meaning of “categorical”. Russell’s four categorical propositions seems to corre-
spond to the four traditional Aristotelian categoricals: A: All S are P; E: No S are P;
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many things that are outside them.
We end by discussing several syllogisms:

acf -fcy.D.acy,

which is comparable top D q - ¢ D r.D>.p D r. Both C in the logic of
classes and D in propositional logic are transitive.
acf ~Iany.2.3N LNy
acf -Na-y.2.31 -y
acf -fny =A.Dany = A

APPENDIX I

RE PAGE 65. LEFT: IMAGE OF WU’S LECTURE NOTES IN 1921
RIGHT: OF MU’S LECTURE NOTES IN 1921 (2004 REPRINT)
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APPENDIX II: GLOSSARY OF CHINESE TERMS67

e

im
e — = %ﬁ-
I T MY FE
= = = i
e -
=™ ™ %
- - |l| ~
m = = %
gl w
~ B L::: =}
= - ()
.
T ey ¢ =
= 2z
b o3
= ™
B
baohan &4

bianliang &
buxiangréng T A&

C

cunzaizii FFAEH

D

déngzhi de AW
déngzhi de guanxi %1&
NS

dingyt EX fouzhéng |IE
duichén 3T fithao %5

F fuzit A
fanshe R &t G

fizé %N gongfa A%k
feixingshi de yuanli 3 | gongli AE
HAWRE guangxian X%
fouding mingti & &% |H

= hanshu &¥
fouréen &I hanjian #H#

I: Some S are P; and O: Some S are not P. In PM 1: 291, Russell remarked that the
following argument cannot be captured by any Aristotelian syllogism: All horses are
animals; therefore, the head of a horse is the head of an animal.

7 All Chinese characters in the glossary are simplified Chinese characters.
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hé Fu

hithuan dingli E #% &
#
huthuan 10 ¥t

J

jidding 1B

jidohuan dinglli X ¥ 5E
#

jidohuan It X#Fte
jiné JUAT

K

kongjian %8

L

lianhé dingll Bk & 24
lianhé 1 A%
lingzii T4

ludjt de daishu ZHEW
R

luéjide hé ¥ 35 Fu
luéjide ji FHHHR
Luést B %

M

madodun dingll FJ§ &
1%

mdodun 10 F G
mingti hanjian 4 B &
%

mingti hanshi 4 B &
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History and Philosophy

%*

mingti luojt 4 RE H
N

Niudun lixué 487 %
P

pdi zhongxiang 1 H
Tt

piitong shuxué ¥ 8 &
¥

Q

qunlun B
S

sanduanlun fd
*

shijian Wt[E
shuli luojT K EF %
shumu 3% B

shixué LudjT ¥ B8
suanshu EAX

T

touying jihé ¥ & LT
tutlun ¥

w

wi de shizai HyWIsEAE
wuli de shiti #y# L4k
wit zhongxiang dingli
Lo R
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